The resolution of fluorescence microscopes is limited by diffraction, which determines the extension of their point spread functions. We propose and study numerically a simple method, based on a combination of subtraction microscopy with regular and annular excitation beams, which permits to double the resolution compared to wide-field microscopy. When combined with the fluorescence saturation phenomenon, this approach would be able to deliver a resolution of a few tens of nanometers.
Introduction
The fluorescence microscope is the instrument of choice when studying living cells and tissues.
Recent developments have permitted to overcome the conventional resolution limit with the inventions of the confocal, theta, SPIM and 4Pi microscopes for example [1] [2] [3] [4] . The better resolution for these instruments is obtained by improving the illumination or the detection process or both, but fundamentally, these instruments are still diffraction limited.
These techniques have proven an unsurpassed resolution, and are still constantly being refined and improved, in terms of ease of use, speed and precision/resolution. One may however notice some possible limitations. For example, up to know, and even in growing numbers, yet few fluorophores (compared to the very large variety of fluorophores available for fluorescence microscopy) do resist to the excitation/stimulated process involved in STED microscopy.
Localization techniques involve bleaching of the fluorophores, which is unfavorable for dynamics imaging, or use photoswitchable fluorophores, which are not yet available in a great variety, and require a large number of images to be processed, so that speed may be a limitation for imaging live specimens. It therefore still appears of interest to go on looking for other possible approaches, which may permit to obtain a high resolution in fluorescence microscopy, and may be complementary to these already well established techniques.
We propose and study theoretically a method, which combines a very simple image processing technique, namely subtraction microscopy involving only two images [14] , with structured saturation excitation, which in principle may be used with a larger number of fluorophores. A possible domain of application of this approach could be the study of 2-D specimens, as for example cell membranes, DNA fragments or microtubules deposited on a glass slide.
Structured subtraction microscopy
Subtraction microscopy has been proposed to improve fluorescence microscopy imaging properties, by combining images taken in wide-field microscopy and confocal microscopy. The method we propose is essentially a variant of subtraction microscopy in which the confocal acquisition is modified.
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In order to model the wide-field PSF (as well as the detection PSF det in confocal setup), we use the model of Haeberlé [15] , considering a fluorescent dipole of moment p e induced by the excitation. The electric field being collected by the objective, and refocused onto the detector is given by:
where φ d represents the polar angle for the considered point of the detector, with respect to the optical axis. For detailed explanations about the computation of the diffraction integrals I ndet , the interested reader is referred to Ref. [15] [16] [17] [18] , which .give a complete description of the considered configuration. For the sake of simplicity, we consider in the following a simple model with rotating free molecules and that the fluorescence mechanism implies randomly polarized emission, so that angular dependences vanishes and the PSF is circularly symmetric and given by:
r being the radial distance from the optical axis. As we consider in this study only very shallow, 2-D like specimens, the PSF is computed in the focal plane, so that the elevation z is set to be zero.. In conventional subtraction microscopy, a beam splitter is introduced within the detection path of a confocal microscope, and two detectors are used, one with a tightly closed pinhole for confocal detection, and one without pinhole for wide field imaging. Alternatively, one can record successively to images, by widely opening the pinhole to mimic wide field microscopy.
The first improvement we propose is to replace conventional confocal excitation (with a circularly or randomly polarized laser so as to consider a circularly symmetric illumination PSF), by a structured illumination using an azimuthally polarized laser. In that case, the illumination PSF is given by [19] :
with:
Figure 1 displays PSF wf for wide field microscopy, PSF conf for confocal microscopy, the illumination PSF ill-az with an azimuthally polarized laser beam, the confocal PSF conf-az , obtained by multiplying the former by the latter, and the final subtraction microscopy PSF sub-az . For these computations, we consider a N.A. = 1.4 oil immersion objective, an excitation performed at 400 nm, and a detection at 450 nm, corresponding to the use of Cascade Blue dye (Molecular Probes). The final PSF sub-az in subtraction microscopy is defined by:
The wide field PSF wf presents a full width at half maximum (FWHM) of 190 nm (Fig 1(a) ). The illumination PSF ill-az presents a hollow structure with a FWHM of 104 nm, but the total FWHM is 326 nm (Fig. 1(b) ). When confocalized, the central hole as a smaller FWHM of 76 nm, but the total FWHM is still 250 nm ( Fig. 1(c) ). This is much wider than the wide field PSF wf , and will preclude an efficient reduction of the final PSF sub-az width. Indeed, as the hollow structure being hal-00865488, version 1 -24 Sep 2013 present in the illumination PSF ill-az is subtracted from the wide field PSF wf , one can interpret it as the "negative" of the final PSF sub-az one expects to obtain.
Contrary to conventional subtraction microscopy, which takes benefit of the difference in slopes between a conventional and a narrower confocal PSF, we would like here to directly suppress the most external part of the wide field PSF wf with the confocal PSF conf-az . We must therefore adapt the wide field PSF wf to the confocal one, which is in our configuration and contrary to the usual case wider. This may be performed simply by reducing the numerical aperture in the wide field mode. Obviously, the key-point of subtraction microscopy is the proper adjustment of the parameter α, in order to benefit from the best resolution improvement, but avoiding the apparition of negative regions in the final PSF sub-az (or alternatively in the final image obtained from the subtraction of the confocal image from the wide field image). We here would like to recall that, in the proposed configuration, one subtracts a confocal PSF from a wide field one. As a consequence, the apparition of negative regions is mainly excluded because the confocal PSF falls down faster that the wide field PSF. This is the opposite of the "classical" subtraction microscopy, where one subtracts a wide field PSF from a confocal one, and therefore negative regions may rapidly appear, because of the larger lateral extension of the wide field PSF with respect to the confocal one.
Both parameters (N.A. and α) must be adjusted in order to obtain a substantial improvement of the resolution. overestimates the resolution when considering the FWHM of the PSF.). For the ideal usual confocal microscope, a 130 nm resolution is predicted (see Fig. 1(a) ).
The configuration we propose may therefore permit to obtain a 35% resolution improvement compared to a confocal microscope, or a factor 2 compared to wide field microscopy. We obtain the same gain in resolution than with confocal fluorescence microscopy using laterally interfering excitation beams [21] . However, the final resolution is now isotropic with only two images, while this other method further needs recombination of several images (typically 4) in order to obtain an isotropic resolution [22] . Furthermore, producing an azimuthally polarized illumination beam from a linearly polarized beam seems to be easier than having three focused beam interfering at the focal point as proposed in Ref. [21] . Note that we find the same factor 2 as in wide-field structured illumination fluorescence microscopy [23] . In the next section, we shall show how this technique of subtraction microscopy, when combined with fluorescence saturation, may be used to even further improve the resolution.
Saturated structured subtraction microscopy
Fluorescence saturation was proposed to obtain a theoretically unlimited resolution with patterned excitation wide-field microscopy. Gustafsson [7] demonstrated a 2-D resolution of 50 nm with this technique. Heintzmann et al. [8] showed that a similar resolution may be obtained if using a two-dimensionally structured excitation pattern. It was shown that in principle, an unlimited resolution might be obtained with fluorescence saturation techniques, as long as the considered fluorophore can sustain saturation without being photobleached.
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We shall now show how the configuration we propose may attain similar performances by also making use of the fluorescence saturation phenomenon. For the sake of simplicity, we use the same model as Heintzmann et al. [8, 24] to describe the fluorescence saturation phenomenon:
Because the fluorescence intensity I em remains a linear process with the fluorophore density ρ, even with saturation, one can define the emittability [21] PSF em of the system as:
And for the confocal case, PSF conf = PSF em PSF det . More elaborate models may be used [7, 9] , but should not change the general conclusions, as mentioned by Heintzmann et al. [8, 24] . indeed, confocalization suppresses the growing outer secondary lobes, but the most interesting feature is that the central hole is thinner increasing S. As a consequence, PSF sub-az-sat for subtraction microscopy with fluorescence saturation is narrower and narrower as shown by However, in our case, because PSF conf-az-sat changes ( Fig. 2(b) ), the subtraction coefficient α must be adapted for each saturation level. We used α=0. In principle, this resolution may be arbitrarily improved by increasing S, provided of course that suitable fluorophores that may sustain the process without being bleached are available and that the noise level in the recorded images is low enough. Gustafsson suggested possible approaches in Ref. [7] . But even using lower saturation levels as in Refs [7, 8, 24] may still permit to obtain a resolution in the 50 nm range, much better that regular confocal imaging and without the requirement of high-speed lasers and instrumentation as in STED microscopy, and with very simple image processing.
Up to now, we used in order to demonstrate the principle of the method we propose, an ideal case with an infinitely small detection pinhole and no noise. Fluorescence confocal microscopy is often characterized by a rather low signal to noise ration, and the detection pinhole shall be open to get a useful signal. In the following, we study the influence of the pinhole size and noise onto the performances of saturated structured subtraction microscopy, considering a saturation factor S = 5.
The equation describing the PSF formation in confocal microscopy shall be written in the more general case as:
where the second terms describes the effect of scanning through a finite size pinhole as a convolution of the ideal detection PSF by the pinhole geometry. 
This mandatory use of small pinhole sizes in order to provide an efficient improvement of the resolution is clearly detrimental in terms of signal to noise ratio. In the following, we therefore study the influence of the noise level onto the performances of the proposed approach. We keep now constant saturation factor S = 5 and pinhole size = 1/2 Airy Disk, and vary the noise level. Note that the influence of the noise onto the resolution is less severe than the influence of the pinhole size. A simple attempt explanation to this a priori surprising fact can be the following: at the maximum of the wide field PSF wf , one indeed subtracts a zero of PSF conf-az-sat , which is favorable in terms of keeping a better signal to noise ratio (and therefore final resolution) in the final PSF sub-az-sat . This is in contrary to the more conventional subtraction microscopy, where
both wide field and confocal PSFs have their maxima located along the optical axis: subtracting both signals will greatly diminish the signal to noise ratio of the final PSF, which is detrimental for keeping a high resolution.
In order to illustrate the better imaging capabilities of the method we propose, we show on Fig. 5 a simulation for a 2-D object; which depicts the Abbe formula ( Fig. 5(a) ). image quality appears, the formula being now clearly readable. The graph shows the profiles, along the line indicated by the arrows, of the original object, and of the simulated images of this object in wide-field microscopy and saturated subtraction microscopy. It clearly illustrates the better resolution provided by the latter, which exhibits correctly the three peaks corresponding to the bottom of the greek letter λ, while the lower resolution of wide field microscopy would not permit to discriminate them.
Conclusion and perspectives
In conclusion, we have proposed a method, which shall permit to obtain a very high resolution in fluorescence microscopy. The key points are the production of an excitation PSF with a central hole, which may be obtained by using azimuthally polarized beams, and use of fluorescence saturation as in Refs. [7, 8] . Our results confirm those of Schwartz and Oron [27] , who proposed
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another theoretical approach combining fluorescence saturation and pupil filters to modify the excitation PSF.
The method we propose relies on a double imaging approach. While acquiring the first image with wide-field illumination and linear excitation is standard, the second image to be subtracted supposes fluorescence saturation. Such a process is known to induce photobleaching and phototoxicity, which would preclude dynamic or live imaging for example. This point was discusses by Heintzmann [24] and Heintzmann et al. [8] , who concluded that: "photobleaching conditions for hours without bleaching." (from ref. [7] ). The limitations for saturated structured confocal microscopy are therefore probably the same than for saturated structured illumination microscopy [7] or saturated patterned excitation microscopy [8, 24] and obviously, care must be taken in the fluorophore choice. Note however that even without considering saturation, a noticeable gain in resolution is possible, as shown by blurring conditions, may be recombined by weighted averaging [25] or Fourier fusion
techniques. An inverse filter corresponding to the annular PSF may even permit to reduce the number of images to be taken to only one. Inverse filtering is however sensitive to noise, while multikernel deconvolution permits to even further improve the resolution, and has been proven to be very robust to both noise and kernel estimation errors [22] .
The method we have proposed here is presently restricted to 2-D specimens: the possibility of reducing the 3-D focal spot using such a simple technique would also be of great usefulness, for example for cell imaging. Such a possibility is conditioned to the realization of a narrow 3-D dark focal spot, similarly to the optimization, which has already been proposed for RESOLFT microscopy [26] . Note that the requirements may however be much more stringent, as subtraction microscopy involves a linear process, while RESOLF techniques are highly non- Then, we should mention another approach using fluorescence saturation in order to improve the resolution. The excitation intensity is modulated at a frequency ω, and the fluorescence signal is demodulated at higher-order harmonic frequencies (2ω, 3ω, …), which leads to a narrower higher-order harmonic PSF than the regular PSF. The authors of [27, 28] have already proven an improved experimental resolution in a biological sample with this technique, which, (together with the Gustafsson's results [7] ), demonstrate the validity of the concept of using saturation in order to improve the resolution in fluorescence microscopy.
Finally, we would like to emphasize the relative simplicity of the experiment we propose, which could be based on a modified confocal microscope. The first image would simply be taken with a very large pinhole (or without any pinhole), which would then produce the same image as a wide-field microscope and with a standard laser beam illumination. The key point of the proposed approach is then production of the azimuthally polarized beam for recording the second image. Devices such as those proposed in Refs. [30] [31] [32] could be inserted into the illumination arm of the confocal set-up in order to produce the desired polarization state required for recording the second image. We believe that such a rather simple implementation may attract the attention of experimentalists interested in high-resolution fluorescence imaging. hal-00865488, version 1 -24 Sep 2013 
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